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a b s t r a c t
The Schwarz–Christoffel mapping from the upper half-plane to a polygonal region
in the complex plane is an integral of a product with several factors, where each
factor corresponds to a certain vertex in the polygon. Different modifications of the
Schwarz–Christoffelmapping inwhich factors are replacedwith the so-called curve factors
to achieve polygons with rounded corners are known since long times. Among other
requisites, the arguments of a curve factor and its correspondent scl factor must be equal
outside some closed interval on the real axis.
In this paper, the term approximate curve factor is defined such that many of the
already known curve factors are included as special cases. Additionally, by alleviating the
requisite on the argument from exact to asymptotic equality, new types of curve factors are
introduced. While traditional curve factors have a C1 regularity, C∞ regular approximate
curve factors can be constructed, resulting in smooth boundary curves when used in
conformal mappings.
Applications include modelling of wave scattering in waveguides. When using approx-
imate curve factors in modified Schwarz–Christoffel mappings, numerical conformal map-
pings can be constructed that preserve two important properties in the waveguides. First,
the direction of the boundary curve can be well controlled, especially towards infinity,
where the application requires two straight parallel walls. Second, a smooth (C∞) bound-
ary curve can be achieved.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
The well-known Schwarz–Christoffel mapping
f (w) = A
∫ w
w0
n∏
k=1
(ω − wk)αk−1dω + B, (1)
maps the upper half-plane or the unit disk conformally on a polygon with inner angles α1pi, . . . , αnpi . Due to efficient
numerical software [1–3], it has in recent years become a usable tool in many applications where conformal mappings are
used. Its strength is the ability to combine the global character of the conformal mapping with an exact local control of
the boundary in the image region. Recently, methods have been developed that allow polygons with an almost unlimited
number of vertices, see [4]. Hence, it is in principle possible to use the Schwarz–Christoffel function as an approximate
conformal mapping for arbitrary simply connected regions.
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However, a problem occurs when the applications require a mapping function with a certain degree of smoothness on
the boundary. One example is found in [5], where the Helmholtz equation
∇2Φ(x, y)+ k2Φ(x, y) = 0 (2)
in a two-dimensional channel with varying width and direction is treated. A conformal mapping, i.e. a variable substitution
(x, y) → (u, v), together with a Fourier series expansion transform the problem into the infinite-dimensional ordinary
differential equation
EΦ ′′(u)− A(u) EΦ ′(u)− B2(u) EΦ(u) = 0 (3)
in a straight channel with constant width. To avoid singularities in the operators A and B, it is in this application
required that the conformal mapping function has bounded first, second and third derivatives on the boundary. Hence,
the Schwarz–Christoffel mapping is not an alternative.
Already in the beginning of the 20th century, Schwarz–Christoffel-like functions resulting in ‘‘polygons’’ without
sharp vertices where discovered. Such modifications of the Schwarz–Christoffel mapping are often referred to as a
rounding of corners. In [6], Leathem presents an extensive list of the so-called ‘‘curve factors’’. If one of the factors in
the Schwarz–Christoffel mapping is replaced with a curve factor, a rounding of the corresponding vertex in the polygon
is accomplished. Other suggestions with the same purpose can be found in [7–9]. It is in this context worth noticing that
in [10], an algorithm is developed by which Henrici’s idea in [9] can be used for arbitrary regions with piecewise smooth
boundary curves. This algorithm could with small changes be used with these other ‘‘curve factors’’ as well.
However, none of the mentioned methods are acceptable in the application in [5], since the resulting functions certainly
have a continuous first order derivative, but all higher order derivatives have singularities on the boundary.
Another approach is found in [11]. In the so-called ‘‘Outer Polygon Method’’, a polygon PΩ is constructed in which the
regionΩ under consideration is enclosed. This is done in such a way that the Schwarz–Christoffel mapping from the upper
half-plane or unit disk to PΩ maps a well defined and simple inner region in one of the former onΩ . Despite that the exact
control of the boundary curve is lost, the control is still good and it is a usable method for many regions. The resulting region
has a C∞ smooth boundary curve, and this is also the method used in [5].
Other possible approaches include the use of the so-called circular arc polygons [12,13], originating already from
Schwarz [14], or extensions where the limit when the numbers of factors in the Schwarz–Christoffel mapping approaches
infinity is used; see for example [15].
This paper has two intentions. Somewhat inspired in [6], wewant to give a general description includingmany of the here
mentioned methods. Additionally, we propose new methods and give examples on how they can be used when conformal
mappings for arbitrary simply connected regions with piecewise smooth boundary curves are constructed. Leathem’s set of
curve factors, given without any computer treatment in mind, will here be extended to a set of the so-called approximate
curve factors. Using these, Schwarz–Christoffel-like conformal mappings can be constructed that satisfy any requirements
on the boundary curve regularity and also any need for a locally well controlled boundary curve direction. Examples include
vertices with pre-determined inner angles or, as in [5], channel walls required to be straight and parallel towards infinity.
2. Approximate curve factors
Wewill in what follows consider Schwarz–Christoffel and Schwarz–Christoffel-like mappings from the upper half-plane
to various simply connected regions in the complex plane. We use the notations Π+ for the upper half-plane and Π+ for
the upper half-plane including the real axis.
Definition 2.1. Letwk and αk be real numbers, 0 ≤ αk ≤ 2. An Approximate Curve Factor (abbreviated ACF) with respect to
wk and αk is a function C : Π+ → C satisfying the following conditions:
1. C is analytic inΠ+ and has no zeros or singularities there. —-
2. C is analytic and non-zero on R except atwk, where it may have a zero or a singularity of at most order 1.
3. C is injective on R.
4. C has a parameter vector Ec = (c1, . . . , cn)with positive numbers c1, . . . , cn such that
C(w)→ (w − wk)αk−1 (4)
uniformly for allw ∈ Cwhen Ec → 0. Furthermore, holding Ec constant,
C(w)
(w − wk)αk−1 → 1 (5)
whenw approaches infinity in along any ray inΠ+. We callwk the prevertex and (αk − 1)pi the angular range of C.
The term ‘‘angular range’’ is taken from Leathem [6], and its meaning is explained by the following lemma.
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Lemma 2.2. Let C be an ACF and let w ∈ R. Then
lim
w→−∞ argC(w) = (αk − 1)pi (6)
and
lim
w→∞ argC(w) = 0. (7)
Proof. The statements in the lemma follows immediately from (5). 
If argC ismonotonic overR,C is said to be non-inflexional, otherwise inflexional. If argC(w) is constant onR outside some
interval [a, b] 3 wk, C is said to be an exact ACF with linear range [a, b], otherwise C is non-exact. If argC(w) is continuous
on R, then C is said to be arg-continuous. Furthermore, if (dm/dwm)C(w) is continuous on R for m = 0, 1, . . . , n − 1 but
not form = n, C has a degree of smoothness of order n. The degree of smoothness can be infinite in which case C is said to
be smooth.
It follows immediately that powers and translations along the real axis of an ACF C are also ACFs. We state this in the
following lemma:
Lemma 2.3. Let C be an ACF with angular range (αk − 1)pi and prevertexwk, d and β be real numbers, where
|β| ≤ 1
αk − 1 . (8)
Then Cβ is an ACF with angular range β(αk − 1)pi and prevertex wk. Cβ is inflexional if and only if C is inflexional, exact with
linear range [aβ , bβ ] if and only if C is exact with linear range [a, b], and arg-continuous if and only if C is arg-continuous. The
degree of smoothness is the same in C and Cβ .
Furthermore, C∗ = C(w−d) is an ACF with prevertexwk−d and linear range [a−d, b−d]. The angular range, the inflexity,
exactness and arg-continuity properties, as well as the degree of smoothness are the same in C and C∗.
Some examples of approximate curve factors with prevertexwk and angular range (αk − 1)pi are:
Example 2.4. A Schwarz–Christoffel factor (w − wk)αk−1 is an exact ACF with linear range {wk}.
Example 2.5. In [9], Henrici suggests the factors
1
2
(
(w − wk + k)αk−1 + (w − wk − k)αk−1
)
, αk > 1 (9)
1
2k
((w − wk + k)αk − (w − wk − k)αk) αk < 1 (10)
to round corners in a Schwarz–Christoffel mapping. The idea is used in [10], where an algorithm for arbitrary regions with
piecewise smooth boundary curves is constructed. If, as in [10], the denominator 2αkk is used in (10), the factor satisfies
(5). The factors are exact ACFs with linear range [wk − k, wk + k]. The parameter vector is (k).
Example 2.6. In the outer polygon method, see [11], a Schwarz–Christoffel mapping in the form
A
∫ w+i
w0
∏
k
(ω − wk)αk−1dω + B (11)
is used to achieve a conformal mapping with smooth boundary. A simple change of variables shows that the factors in the
mapping can be seen as ACFs of the form (w + i− wk)αk−1. The parameter vector is ().
Example 2.7. In [6], Leathem gives a number of examples on curve factors, all exact. One of them is the inverse Joukowski
map
w→ w +
√
w2 − c2, (12)
where the branch of the square root is chosen such that arg
√
w2 − c2 = 12 (arg(w + c) + arg(w − c)). To satisfy (5) we
divide by 2 and construct the exact ACF(
w − wk +
√
(w − wk)2 − c2
2
)αk−1
(13)
with linear range [wk − c, wk + c] and parameter vector (c).
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Lemma 2.8. An ACF C is injective onΠ+.
Proof. Letw0 be an arbitrary point inΠ+. Letγ andΓ be the semi-circles t → wk+reit and t → wk+ρeit , where t : pi → 0,
r < |w0 − wk| and ρ > |w0 − wk| and let Ω be the region bounded by R, γ and Γ . C is analytic on the boundary of Ω ,
continuous and injective on R− {wk} and the quotient between C(w) and the injective function (w −wk)αk−1 approaches
1 when |w| → ∞. Hence, if r is small enough and ρ is large enough, it follows from the principle of the argument that the
function
f (w) = C(w)− C(w0) (14)
has only one zero inΩ . 
Let C1, . . . ,Cn be approximate curve factors and let A, B ∈ C, A 6= 0. The function
f (w) = A
∫ w
w0
n∏
k=1
Ck(ω)dω + B (15)
is said to be of Schwarz–Christoffel type. A function of Schwarz–Christoffel typemaps the real axis on a curveΓ in the complex
plane. Depending on possible singular points and their characteristics, Γ may or may not be connected.
Theorem 2.9. Let f be a function of Schwarz–Christoffel type. If f maps R on a curve Γ which does not intersect itself, then f
conformally and one to one mapsΠ+ to a simply connected regionΩ with boundary Γ .
Proof. Clearly, f ′ is an analytic function without zeros or singularities inΠ+. Hence, f mapsΠ+ conformally on the interior
ofΩ .
The injectivity of f follows using the argument principle in the same way as in Lemma 2.8. 
The complex constants A and B play the same role in a mapping of Schwarz–Christoffel type as they do in the
Schwarz–Christoffel mapping: arg A rotates, |A| resizes and B together with w0 translate Ω . The direction of Γ is
asymptotically equal to arg Awhenw→ +∞ and arg A+∑nk=1(1− αk)pi whenw→ −∞. If the mapping contains only
exact ACFs with disjoint linear ranges,Ω is a ‘‘polygon’’ with inner angles α1pi, . . . , αnpi and the vertices corresponding to
arg-continuous ACFs rounded.
Lemma 2.10. Let C1, . . . ,Cn be ACFs with parameter vectors Ec1, . . . , Ecn and prevertices w1, . . . , wn respectively and let w ∈
Π
+ \ {w1, . . . , wn}. Then∫ w
w0
n∏
k=1
Ck(ω)dω→
∫ w
w0
n∏
k=1
(ω − wk)αk−1dω (16)
when {Ec1, . . . , Ecn} → {E0, . . . , E0}.
Proof. Choose an integration path γ inside Π+. It follows from Theorem 2.9 that the expression to the left is bounded on
γ . Hence, the lemma follows. 
3. Constructing non-exact ACFs
The image ofR under an ACFC with angular range αk−1 asymptotically coincides with the positive real axis to the right
and with a ray from the origin with angular direction (αk − 1)pi to the left. If the ACF is arg-continuous, it does not pass
through the origin, instead it makes a detour above it. We will in this section restrict ourselves to ACFs with angular range
pi and prevertex 0. From Lemma 2.3, we know that this can be done without loss of generality.
The first curve factor in Leathem’s paper [6] and possibly the very first curve factor discovered, is the inverse Joukowski
map
w→ w +
√
w2 − c2, (17)
which makes a semi-circle about the origin between −c and c. From this, Leathem constructs a whole set of curve factors
by multiplying the two terms in (17) by different constants, or, for example, by replacing
√
w2 − c2 = √w + c√w − c by
(w − a)γ (w − b)1−γ . These constructions result in functions that mapΠ+ on itself minus bulges of different forms about
the origin.
The outer polygon method [11] uses the fact that the image of a straight horizontal line just above the real axis under a
Schwarz–Christoffel mapping is a smooth curve. Similarly, by analyticity, the image of any smooth curve insideΠ+ under
any conformal mapping ofΠ+ is a new smooth curve.
Fig. 1 shows the images of the real axis and a horizontal line just above the real axis under the inverse Joukowski map
(17). When using this function as a factor in a mapping of Schwarz–Christoffel type, the result is a ‘‘rounded corner’’ since
the argument varies continuously, but the derivative has singularities in±c , so the degree of smoothness on the boundary
is no better than C1.
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Fig. 1. The images of R (below), and R+ 0.1i (above) under the mappingw→ w +√w2 − 1.
However, the picture suggests that a vertical translation of the upper curve would result in a new ACF, non-exact but
smooth. We generalise this observation in a theorem.
Theorem 3.1. Let C be an ACF with parameter vector Ec, prevertex 0 and angular range pi and let b > 0. If furthermore
C(w + bi) 6= bi for allw ∈ Π+, then the function
Cb(w) = C(w + bi)− bi (18)
is a non-exact smooth ACF with parameter vector (Ec, b), prevertex 0 and angular range pi .
Proof. Since C is analytic with no zeros or singularities inΠ+ and since C(w+ bi) 6= bi, condition 1 and 2 in Definition 2.1
are satisfied. Lemma 2.8 guarantees that condition 3 is satisfied, and in condition 4, (6) is satisfied since Cb(w) → C(w)
when b→ 0 and (7) is satisfied since C(w + bi)→ w + bi whenw→∞. 
Our main example is built on the inverse Joukowski map (17), and we shall before we continue, examine the expression√
w2 − c2, where we assume that c > 0. When building ACFs from this expression, we use the square root branch rule
arg
√
w2 − c2 = 1
2
(arg(w + c)+ arg(w − c)). (19)
Note that in contrast to the usual definition of square roots for real numbers, (19) means that
√
w2 − c2 < 0 ifw is real and
less than−c. Indeed,√w2 − c2 → w when w approaches infinity along any ray from the origin inΠ+ including both the
positive and the negative real axis.
Letw = u+ iv, z = x+ iy = √w2 − c2. It follows that
|z|2 =
√
(u2 − v2 − c2)2 + 4u2v2 =
√
(u2 + v2 − c2)2 + 4v2c2, (20)
which is zero if and only if (u, v) = (±c, 0). Some further calculations yield that
x =

−
√
|z|2 + u2 − v2 − c2
2
, u < 0√
|z|2 + u2 − v2 − c2
2
, u ≥ 0
(21)
and
y =
√
|z|2 − (u2 − v2 − c2)
2
. (22)
InΠ+ and on the real axis outside the interval [c,−c], ∂x/∂u = ∂y/∂v > 0. In [c,−c] these derivatives are zero except at
the endpoints and at u = 0, where they have singularities. Similarly, inΠ+ \ {−c, 0, c}∂y/∂u > 0 for u < 0 and ∂y/∂u < 0
for u > 0. At 0, ∂y/∂u = 0 and at {−c, c} there are again singularities. Since for a constant v, y→ v when u→ ±∞, and
since z is analytic over w in Π+, y is continuous on R, and hence, v ≤ y ≤ √v2 + c2 with equality in the first inequality
only when v = 0 and |u| > c.
We can now state the following:
Theorem 3.2. Let b ≥ 0, c > 0, k ≥ 0 and b+ k > 0. Then
J(w) = kw +
√
(w + bi)2 − c2 − bi
1+ k (23)
is a non-inflexional arg-continuous ACF with prevertex 0 and angular range pi . If b = 0, it is exact with linear range [−c, c] and
parameter vector (c), otherwise it is non-exact and smooth with parameter vector (b, c).
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Fig. 2. The images of R below, and R+ 0.2i above under the mappingw→√w2 − 1.
Proof. J(w) is analytic inΠ+ and it is easily seen that it has no zeros or singularities inΠ+. Furthermore, J(w)→ w when
{b, c} → {0, 0} and J(w)/w→ 1 whenw→∞ in any direction ϕ, 0 ≤ ϕ ≤ pi .
With u, v, x, y as before and for a constant v, x is amonotonously increasing function of u, and hence, Re J(w) is increasing
and J(w) is injective on the real axis. Since furthermore y is non-decreasing annon-increasingwhenu is positive andnegative
respectively, this is also true for Im J(w) and hence, arg J(w) is a non-increasing function on R.
If b = 0, then k > 0 and arg J(w) = pi for real w < c and 0 for real w > c , which means that J(w) is exact with linear
range [−c, c]. If on the other hand b > 0, J(w) is smooth and arg J(w) is monotonously decreasing on R. 
For k > 0, the case b > 0 is an excellent illustration of Theorem 3.1. For k = b = 0, J(w) is not an ACF butwith a non-zero
b, the case k = 0 produces a most useful ACF; see Fig. 2 and Section 5.
4. Conformal mappings using ACFs
4.1. Constructing a mapping function
Given a simply connected region Ω , bounded by a piecewise smooth curve Γ , approximate curve factors can be used
to construct a conformal mapping from Π+ to Ω . We use the methods developed in [10], and will here, give just a short
summary of them. The crucial thing is the determination of the prevertices and the constants A and B in (15). This is often
called ‘‘solution of the parameter problem’’.
Before discussing possible algorithms for this determination, we state that an arbitrarily good approximation can be
achieved by using a Schwarz–Christoffel mapping for a polygon with many vertices and then, if needed, smooth the
vertices by replacing the Schwarz–Christoffel factors by ACFs with small parameters. If the parameters are small enough, no
redetermination of the prevertices is needed.
Theorem 4.1. Let Ω be a region in the complex plane, bounded by a piecewise smooth curve Γ and let  > 0. It is then possible
to construct a conformal mapping f of Schwarz–Christoffel type fromΠ+ to a region in the complex plane, such that the Hausdorff
distance d(Γ , f (R)) < .
Proof. Since Γ is piecewise smooth, one can construct a polygon P such that the Hausdorff distance d(P,Γ ) < /2. Let
f (w) = A
∫ w
w0
n∏
k=1
(ω − wk)αk−1dω + B (24)
be the Schwarz–Christoffel mapping fromΠ+ to P . From Lemma 2.10 follows that one can find ACFs C1, . . . ,Cn such that∣∣∣∣∣
∫ w
w0
n∏
k=1
Ck(ω)dω −
∫ w
w0
n∏
k=1
(ω − wk)αk−1dω
∣∣∣∣∣ < 2 . (25)
This proves the theorem. 
Note that the factors in f can be chosen such that any part of the boundary f (R) gets required regularity, up to C∞.
However, a simpler mapping function with just a few factors in the integrand is often desirable. In that case, one must,
even if a Schwarz–Christoffelmapping is used as a base, redetermine the prevertices and the constants A and B. An algorithm
for using ACFs to construct such Schwarz–Christoffel-like mappings could shortly be described as follows:
• Construct a tangent polygon PΓ following the criteria given in [10].• Use numerical software, for example SC toolbox [1], to determine a Schwarz–Christoffel mapping f for PΓ .• Construct a mapping function g by replacing the factors in f with appropriate ACFs.
• Place tangent points on the curve C = g(R) and form the tangent polygon PC . The number of tangent points on Γ and
on C should be the same, and each tangent point on Γ should have a correspondent on C with equal or similar tangent
direction. If this is not possible, try with smaller parameter values or/and other tangent points.
• A, B and the prevertices are finally determined by comparing PΓ and PC . From this comparison, equations are determined
that can be solved using for example a Newton iteration.
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The crucial thing is the placement of the tangent points on C . If exact ACFswith disjoint linear ranges are used, the straight
line segment between two rounded corners has the same direction as the corresponding tangent point on Γ , so a tangent
point can be placed anywhere on this segment.
When using non-exact ACFs, the task is more complicated. One possibility is to find the points on C having the same
angular directions as the corresponding tangent points on Γ , and then use them as tangent points. This works well, except
near unrounded corners and at points of inflexion.
When a corner, rounded by a non-exact ACF, is followed by an unrounded corner, there is no point between them with
the direction of the corresponding side in the tangent polygon of Γ .
Furthermore, to make a valid tangent polygon about C , any point of inflexion must be among the tangent points. With
non-exact ACFs at a convex corner at one side and a concave corner at the other side of the inflexion point, the direction of
C in the point of inflexion will differ slightly from the direction in the corresponding point of inflexion on Γ . C has one and
only one corresponding inflexion point. And this difference is impossible to adjust, only by changing the real parameters
|A| , w1, . . . , wn. In the outer polygon method, see [11], this problem is handled by treating the complex vertices in the
outer polygon as parameters, in fact a doubling of the number of real parameters. When using non-exact ACFs to round the
corners, this can hardly be done.
Instead, to avoid an over-determined problem, we proceed as follows: At a point of inflexion on Γ , check first that there
is one and only one corresponding inflexion point on C . (If the parameters in the parameter vector is too large, new inflexion
points may be introduced.) In place of a tangent in the point of inflexion on C , we use a line through the inflexion point with
the direction of the corresponding inflexion point on Γ . In the same way, near an unrounded corner, we use a line through
this corner with the direction of the corresponding tangent point on Γ .
The resulting polygon is not a ‘‘tangent polygon’’ according to the definition in [10]. However, the theory given there for
the distance between curves with equal tangent polygons holds with small modifications even for the ‘‘tangent polygons’’
constructed here. Two curves with coinciding tangent polygons with vertices in z1, . . . , zn reside both in the triangles
zk−1zkzk+1, and the Hausdorff distance between the curves is bounded by the height of these triangles. This statement holds
even with the present alleviated tangent polygon definition.
4.2. Existence of a solution to the parameter problem
Is there always a solution to the parameter problem? The answer is yes, at least when the parameters in the parameter
vectors belong to some (possibly small) region about the origin. We state the theorem here, but omit the detailed proof,
which is almost identical to the proof of Theorem 8 in [10], where the theorem is stated for Schwarz–Christoffel-like
functions using ACFs of the type given in Example 2.5. The result follows both there and here in the more general setting,
from the reversibility of the Schwarz–Christoffel mapping together with the implicit function theorem.
Theorem 4.2. Let as before Ω be a region bounded by a piecewise smooth curve Γ , and let PΓ be a tangent polygon to Γ .
Furthermore, let f be the Schwarz–Christoffel mapping from Π+ to PΓ and g be a function where the factors in f have been
replaced by ACFs with parameter vectors Ec1, . . . , Ecn. Let finally Ec = (Ec1, . . . , Ecn) and assume that Ec ∈ Rm.
Then, there exists a neighbourhood M ⊂ Rm, such that if Ec ∈ M, parameters |A| , w1, . . . , wn exist such that if they are used
in g, a tangent polygon to the boundary of g(Π+), constructed as described in Section 4.1, is identical to PΓ .
4.3. Conformal mappings for two-dimensional channels
As described in the introduction, the application which has motivated this work is wave scattering in variously shaped
waveguides, treated with the Building Block Method. We therefore state a theorem for channels with parallel walls at both
ends.
Theorem 4.3. Let f be a mapping of Schwarz–Christoffel type from the upper half-plane to a two-dimensional channel with
parallel walls at both ends. Infinity is by f mapped to one of the channel ends where the width is d1, and a real number a is
mapped to the other channel end where the width is d2. Then
d1 = |A|pi (26)
and
d2 = |A|pi
n∏
k=1
|Ck(a)| , (27)
where C1, . . . ,Cn are the ACFs corresponding to the finite vertices, rounded or not rounded, in the channel.
Proof. The mapping can be written
f ′(w) = A(w − a)−1
n∏
k=1
Ck(w) (28)
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Fig. 3. The region in Example 5.1.
and the widths d1 and d2 can be calculated by taking absolute values of integrals of (28) over semi-circular paths about a
with large and small radii respectively. Let
I(r) =
∫ a+r
a−r
f ′(ω)dω = −Ai
∫ pi
0
n∏
k=1
Ck(a+ reit)dt. (29)
Hence,
d2 =
∣∣∣∣limr→0 I(r)
∣∣∣∣ = |A|pi n∏
k=1
|Ck(a)| . (30)
For large values of r , the ACFs are asymptotically equal to their Schwarz–Christoffel correspondents, and hence
I(r)→−Ai
∫ pi
0
n∏
k=1
(a+ reit − wk)αk−1dt (31)
when r →∞. Furthermore, since the channel has parallel walls at the ends,∑k(αk − 1) = 0, which means that for large
r , I(r) is asymptotically equal to
− Ai
∫ pi
0
(r − wk)
n∑
k=1
(αk−1)
dt = −Aipi (32)
from which follows that d1 = |A|pi . 
5. Numerical examples
5.1. Increasing the smoothness
Our first example illustrates an easy way to smooth the boundary curve and increase its regularity from C1 to C∞.
The conformal mapping in this example is constructed from Example 6.1 in [10], where exact ACFs of the type shown in
Example 2.5 are used for a region with piecewise smooth boundary. We have here, using the result in Theorem 3.1, replaced
each ACF C(ω) in the mapping in [10] corresponding to a rounded corner by a smooth ACF C(ω + bi)− bi with b = 10−5.
The resulting conformal mapping is shown in Fig. 3.
5.2. Rounded polygons with many vertices
In this example, we apply the numerical method described in Section 4.1 directly with ACFs of type (23).
Fig. 4 shows twomappings from the upper half-plane to regions bounded below by the curve y = x4−x3 and its tangents
in the points (−1, 2) and (3/2, 27/16). Additionally, one of them is bounded by the horizontal line y = 3, resulting in a
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Fig. 4. Conformal mappings using ACFs of type (23), for one unbounded region and one bounded region with piecewise smooth boundary. Both pictures
show images of vertical lines through all prevertices at the u-axis, and images of horizontal lines at v = 2−5, 2−4, . . . , 21 .
piecewise smooth region. Infinity is there mapped to the vertex (−8/7, 3). The mappings were constructed using tangent
points at x = {−1,−0.9, . . . , 1.5} and additionally in the bounded region at (0, 3).
The Schwarz–Christoffel factors in the mappings for the tangent polygons were for all rounded corners replaced by
factors of type (23) with k = 0 and where b and c were set to one-fifth of the distance to the closest prevertex.
Finally, the prevertices and the multiplicative constant |A| were redetermined using a quasi-Newton method with the
Schwarz–Christoffel parameters as a good starting point.
The solver was iterated a few times until the resulting boundary curves had tangent polygons which coincided with the
tangent polygons of the original curves with a maximal error of 1 · 10−8. This resulted in boundary curves with distances
from the original curve which in both cases are less than 0.01. The angular direction in the inflexion point at the origin is in
the bounded case−2.7 · 10−4 and in the unbounded−2.6 · 10−4. This point of inflexion appears in the unbounded case at
(1.3845 · 10−5, 4.4327 · 10−9) and in the bounded case at (−0.0067, 0.0002).
A better accuracy can of course be achieved by using more tangent points.
5.3. A rounded polygon using few vertices
A standard example used in [16,10,11] and applied in [5] is a straight channel with a width decreasing from 3 at the left
end to 1 at the right end. In this example, we construct this mapping using just a few factors of the type (23).
As a starting point we use a Schwarz–Christoffel mapping for a polygonal channel with a horizontal lower boundary and
an upper boundary with a concave vertex with inner angle 5pi/4 and a convex vertex with inner angle 3pi/4. If infinity is
mapped to the right end where the width is 1, it follows from (26) that the multiplicative constant A is 1/pi . Furthermore, if
w1, w2 and w3 are mapped to the concave vertex, the convex vertex and infinity respectively, it follows from (26) and (27)
that (w1 − w3)/(w2 − w3) = 81. Hence, we choosew1 = −81,w2 = −1 andw3 = 0 and receive the mapping
s1(w) = 1
pi
∫ w
w0
(ω + 81)1/4(ω + 1)−1/4
ω
dω. (33)
However, a simple replacement of the factors in the numerator in (33) by non-exact ACFs, may, at least if the parameters
are large enough to get a visible rounding of the corners, lead to undesired influences on awide range of the boundary curve.
For example, in the application in [5] where symmetry properties are used, it is essential that the lower boundary is exactly
a straight horizontal line, something that non-exact ACFs would destroy.
Therefore, we add two factors with prevertices in−w1 and−w2 and get the mapping
s2(w) = A
∫ w
w0
(ω + w1)1/4(ω − w1)1/4(ω + w2)−1/4(ω − w2)−1/4
ω
dω. (34)
Thismappingmaps the upper half-plane on a bottle-like polygonal channel, see Fig. 5, left. If now the factors in thismapping
are replaced by smooth ACFs symmetrically, the desired channel appears as the image of the second quadrant.
We use factors of the type (23) with k = 0, and to achieve similar curvature about the concave and convex vertices, we
set b = c = 4 in thew1 factor and b = c = 0.1 in thew2 factor. To get the widths 3 and 1 to the right and left respectively,
we set A = 2/pi and finally, after w2 has been set to 1, w1 is, using (27) and a numerical solver, determined to 9.666. The
image of the second quadrant under the resulting conformal mapping is shown in Fig. 5.
1126 A. Andersson / Journal of Computational and Applied Mathematics 233 (2009) 1117–1127
Fig. 5. Left: A polygonal symmetric channel. Right: The channel in Example 5.3 is an image of the second quadrant. The grid-lines are images of rays
reikpi/10 , r ∈ [0,∞[, k = 5, . . . , 10 and quarter circles empi/5+it , t ∈ [pi/2, pi],m = −4, . . . , 9.
6. Discussion and conclusions
In this article, the set of the so-called curve factors, factors used in Schwarz–Christoffel-like mappings to achieve
conformal mappings for polygons with rounded corners, are substantially extended by the introduction of the so-called
approximate curve factors, ACFs. With the use of smooth ACFs, conformal mappings for arbitrary simply connected regions
bounded by piecewise smooth curves can be constructed. The advantage with these mappings, is that they, in addition to
the smoothness, inherit most of the perfect control of the boundary curve direction from the Schwarz–Christoffel mapping,
something that is important in some applications.
It is shown and exemplified, that the methods developed in [10] for a special type of rounded corners, works well even
for non-exact ACFs. Furthermore, some other and simpler strategies are introduced and illustrated.
Example 5.1 shows an easy way to increase the smoothness in a mapping of Schwarz–Christoffel type. First, a mapping
for a piecewise smooth region is constructed using the techniques described in [10]. Then, all the curve factors (9) and (10)
are replaced by their Theorem 3.1 correspondents using a small b, by which a C∞ boundary curve is achieved. The value of
b is here chosen so small that an acceptable accuracy is kept, even without any further parameter determination.
By using a larger number of non-exact ACFs in a general algorithm as in Example 5.2, any demands on the accuracy,
the smoothness and the controlled direction of the boundary curve can be met. However, extensive numerical calculations
are needed and the method is comparatively slow. The determination of the parameters in the examples takes a few (<5)
minutes on a modern PC, and it takes about the same time to produce the graphs shown in Fig. 4. Therefore, the method
can hardly compete with for example the outer polygon method, see [11], at least not when a large number of function
values should be calculated. The latter method uses optimised Schwarz–Christoffel software for the calculations and is
comparatively fast.
Nevertheless, as is shown in Example 5.3, by manipulating the three parameters b, c and k, a suitable mapping can
sometimes be constructed using very few ACFs of the type (23). In contrast to the outer polygon method, which gives a
significant difference in curvature about convex and concave vertices respectively, see [17], this behaviour can here be
controlled by the parameters. The rounding of each corner can be controlled individually, which also makes ACFs of this
type useful for piecewise smooth regions.
Additionally, when conformal mappings are used for coordinate substitutions as in [5] and many other applications, it
is the derivative of the mapping, not the mapping itself, that is calculated. In a mapping of Schwarz–Christoffel type, this
is done instantly, once the mapping is determined. And since the determination is done only once for a given geometry, its
computational cost is of less significant importance.
It deserves also to be mentioned that, in a waveguide application like the one in [5], even if a good accuracy is desirable,
the smoothness and the control of the boundary curve direction towards infinity is absolutely essential. As with many
other computational methods, accuracy costs computer processing time. By using suitable ACFs in a Schwarz–Christoffel-
like mapping, the essential properties of a two-dimensional channel can be preserved and an acceptable accuracy can be
achieved to a reasonable computational cost.
When constructingmappings for an infinite channel, it is natural to use an infinite straight horizontal strip as the standard
domain, see for example the stripmap function in SC toolbox [1]. When mapping from the upper half-plane to an infinite
channel, one runs easily into crowding problems. Prevertices can sometimes get so crowded that they are impossible to
distinguish from each other in standard computer arithmetics. However, we have not here developed the different ACF
correspondents in a stripmap setting.
There is a wealth of numerical methods for conformal mappings available, see for example [18–20]. Functions of
Schwarz–Christoffel type are of course not always the best choice for regions with smooth or piecewise smooth boundary.
It is only when parts of the boundary are straight lines, especially if these lines are infinitely long, or when the boundary has
corners with given angles, that descendants of the Schwarz–Christoffel mapping could compete withmany other numerical
methods. However, in applications like the one in [5], they seem to be the only alternative.
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If merely exact ACFs are used in a mapping of Schwarz–Christoffel type, straight lines are straight lines exactly, and
angles could be reproduced to their exact size. If the mapping contains non-exact ACFs, this is no longer true. However,
the infinite lines are asymptotically straight and the sizes of the angles are approximately the same, something that covers
many applications. And, as is shown in Section 5.3, small tricks can sometimes increase the performance. What is gained by
non-exact ACFs is of course C∞ smoothness.
When considering the examples given in this paper, having in mind the application described in the introduction, there
is one question that suggests itself: Is it possible to find an ACF that is both exact and smooth? For example, can one find a
conformal mapping fromΠ+ to the region y > ϕ(x), where
ϕ(x) =

0 |x| ≥ r,
exp
(
− 1
r2 − |x|2
)
|x| < r, (35)
a well-known C∞0 function?
The answer to the latter question is of course yes, according to the Riemannmapping theorem. However, some questions
remain. Is there a mapping that satisfies the ACF definition, and in that case, is this mapping simple enough to be useful as
a factor in a mapping of Schwarz–Christoffel type?
We have not found any examples of exact ACFs built from finite combinations of elementary functions which have a
degree of smoothness greater than 1. On the other hand, we have no evidence contradicting the possibility to find one. This
question is still open.
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